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We study the distribution of non-overlapping spacing ratios of higher-orders for complex inter-
acting many-body quantum systems, with and without spin degree of freedom (in addition to the
particle number). The Hamiltonian of such systems is well represented by embedded one- plus
two-body random matrix ensembles (with and without spin degree of freedom) for fermionic as well
as bosonic systems. We obtain a very good correspondence between the numerical results and a
recently proposed generalized Wigner surmise like scaling relation. These results confirm that the
proposed scaling relation is universal in understanding spacing ratios in complex many-body quan-
tum systems. Using spin ensembles, we demonstrate that the higher order spacing ratio distributions
can also reveal quantitative information about the underlying symmetry structure.
PACS numbers: 05.40.-a; 05.45.Mt; 05.30.Fk; 05.30.Jp
I. INTRODUCTION
The study of spectral fluctuations is very crucial for un-
derstanding the inherent complexities of complex quan-
tum systems. The spectral fluctuation measures, used
in many different fields, are modeled through Random
Matrix Theory (RMT) [1–3]. These are useful in char-
acterizing distinct phases observed in physical systems
such as localized or delocalized phase [4], insulating or
metallic phase of many-body systems [5, 6], integrable or
chaotic limit of the underlying classical system [7], and
low-lying shell model or mixing regime of nuclear spectra
[8, 9]. It is now well established that a quantum system
is chaotic if its spectral properties follow one of the three
classical ensembles, the Gaussian orthogonal (GOE), uni-
tary (GUE) or symplectic (GSE) ensemble depending on
the symmetries of the Hamiltonian [10].
The nearest neighbor spacing distribution (NNSD),
P (s)ds, giving degree of level repulsion is one of the most
popular measures in the study of spectral fluctuations.
For time reversal and rotational invariant systems (rep-
resented by GOE), as conjectured by Bohigas et al [11]
and proved for certain systems by Haake et al [12], if
a quantum system is chaotic, NNSD follows the Wigner
surmise, P (s) = (π/2)s exp(−πs2/4), which indicates the
presence of ‘level repulsion’. However, as established by
Berry and Tabor [13], if a quantum system is integrable,
NNSD follows Poisson distribution [P (s) = exp(−s)] dis-
playing ‘level clustering’.
For a given set of energy levels (or eigenvalues), con-
struction of NNSD requires ‘unfolding’ of the spectra in
order to remove the secular variation in the density of
eigenvalues [9, 10]. This is a cumbersome and non-unique
numerical procedure. Also, for many-body systems such
as Bose-Hubbard model, unfolding procedure of the spec-
tra becomes non-trivial as the density of states is not a
smooth function of energy in the strong interaction do-
main [14–16]. Moreover, there are discrepancies between
spectral and ensemble unfoldings for non-ergodic random
matrices.
In the past, Oganesyan and Huse [14] introduced the
distribution P (r) of the ratio of consecutive level spacings
of the energy levels which does not require unfolding as
it is independent of the form of the density of the energy
levels. Importantly, Atas et. al [17] derived expressions
for P (r) for the classical GOE, GUE and GSE ensembles
of random matrices. The statistics of ratio of spacings
has been used to quantify the distance from integrability
on finite size lattices [15, 16], to investigate many-body
localization [14, 18–20], to establish that finite many par-
ticle quantum systems, modeled by embedded random
matrix ensembles, with strong enough interactions fol-
low GOE [21], to study spectral correlations in diffused
van der Waals clusters [22] and to analyze spectra of un-
correlated random graph network [23]. Recently, exact
distribution of spacing ratios for random and localized
states in quantum chaotic systems is obtained using a
3 × 3 random matrix model [24] and a generalized form
of Wigner surmise has been proposed for the distribu-
tion of non-overlapping spacing ratios of higher-orders
[25]. An extension of the Wigner surmise for distribution
of higher order spacing ratios was also proposed in the
past [26, 27] and applied to systems with mixed regular-
chaotic dynamics [28].
The spectral fluctuations, obtained using the discrete
levels drawn from the same subspace, of complex quan-
tum systems are known to follow RMT. For mixed spec-
tra, the levels from different symmetries are superposed,
resulting in level clustering, which gives misleading re-
sults [13]. Using the higher order spacing statistics, one
can obtain information about symmetry structure for
any arbitrary sequence of measured or computed levels
without desymmetrization [29]. This method is straight-
forward compared to the complicated and approximate
methods based on two-level cluster function for a com-
posite spectrum [30, 31].
In a large number of investigations carried out during
last two decades, it is well established that embedded
Gaussian orthogonal ensembles [32, 33] of one plus two-
body interactions [EGOE(1+2)] apply in a generic way
2to isolated finite interacting many-particle quantum sys-
tems such as nuclei, atoms, quantum dots, small metallic
grains, interacting spin systems modeling quantum com-
puting core and so on [34–38]. Recently these models
have also been used successfully in understanding high
energy physics related problems. Random matrix mod-
els with two-body interactions [EGOE(2)] among com-
plex fermions are known as complex Sachdev-Ye-Kitaev
models in this area [39–41]. In the present work, we an-
alyze generic properties of non-overlapping higher order
spacing ratios for several embedded ensembles, both for
fermionic and bosonic systems, with and without spin
degrees of freedom. We also show that the quantitative
information about the symmetry structure of the system
can be obtained using higher order spacing ratios for em-
bedded ensembles with spin degree of freedom.
The paper is organized as follows. Analytical results
for the probability distribution of the ratio of consecu-
tive level spacings and higher order spacing ratios for
GOE are briefly discussed in Section II. The five differ-
ent EGOEs, used in the present analysis, are defined in
Section III. Numerical results of the distribution of higher
order ratio of consecutive spacings and related averages
are presented in Section IV. Finally, Section V gives the
concluding remarks.
II. PROBABILITY DISTRIBUTION OF
HIGHER ORDER SPACING RATIOS
Understanding and deriving generic results for fluc-
tuation properties has widespread applications in all
branches of physics, mathematics, engineering and so on
[3, 42]. Consider an ordered set of eigenvalues (energy
levels) en, where n = 1, 2, ...d. The consecutive eigen-
value spacings are given by sn = en+1−en and the ratios
of two nearest neighbor or consecutive eigenvalue spac-
ings are rn = sn+1/sn. Using an exact calculation for
3 × 3 Gaussian random matrices, the probability distri-
bution P (r) for consecutive eigenvalue spacings for GOE
is derived to be given by [17],
P (r) =
27
8
(r + r2)
(1 + r + r2)5/2
. (1)
Nearest neighbor spacing ratios r probe fluctuations in
spectral scales of the order of unit mean spacing. Many
different variants of consecutive level spacing ratios have
been studied recently [21, 24, 43]
The non-overlapping higher order spacing ratios can
be defined as [25],
r(k)n =
s
(k)
n+k
s
(k)
n
=
en+2k − en+k
en+k − en
; n, k = 1, 2, 3... (2)
such that there is no shared eigenvalue spacing in the
numerator and denominator. Higher order spacing ra-
tios r(k) probe fluctuations in spectral interval of k mean
spacings. Denoting the non-overlapping k-th order prob-
ability distribution by P k(r), there exists a scaling rela-
tion between P k(r) and Pα(r) for the class of Wigner-
Dyson random matrices [29],
P k(r) = Pα(r)
= Cα
(r + r2)α
(1 + r + r2)1+3α/2
;
α =
(k + 2)(k + 1)
2
− 2, k ≥ 1 .
(3)
Here, Cα is the normalization constant. The modified
parameter α ≥ 4 can take large integer values and it ac-
counts for the dependence on order k of the spacing ratio.
This scaling relation holds good for Gaussian and circu-
lar ensembles of random matrix theory and for several
physical systems such as spin chains, chaotic billiards,
Floquet systems and measured nuclear resonances [25].
We analyze P k(r) for embedded ensembles for fermion
and boson systems with and without spin degree of free-
dom and show that the functional form of P k(r) is generi-
cally identical to Pα(r) for complex many-body quantum
systems.
III. EMBEDDED ENSEMBLES FOR FERMION
AND BOSON SYSTEMS WITH AND WITHOUT
SPIN DEGREE OF FREEDOM
In this section, we define the models that we use
to represent complex many-body interacting quantum
systems. Embedded Gaussian Orthogonal Ensembles
(EGOE) are random matrix models with two-body in-
teractions among its constituents (fermions or bosons)
that model Hamiltonians H of interacting many-body
quantum systems [9, 32, 33, 37, 38]. Given a number m
(m > 2) of particles (fermions or bosons), they are dis-
tributed among N number of single particle (sp) states.
As the particles are in an average field generated by other
particles, it is appropriate to add a mean-field term h(1)
to the Hamiltonian. Thus, with random two-body inter-
actions V (2), the model EGOE(1+2) is defined by the
Hamiltonian,
H = h(1) + λ{V (2)} , (4)
with λ being the strength of the interactions. Here, nota-
tion { } denotes an ensemble. The V (2) matrix is chosen
to be a GOE in two-particle spaces and the one-body
Hamiltonian h(1) =
∑
i ǫini is specified by sp energies
ǫi = i + 1/i. Here, ni are number operators acting on
sp states i = 1, 2, . . . , N . Distributing these m particles
in N sp levels generates the d-dimensional many-particle
basis. Action of Hamiltonian H on these many-particle
basis states generates EGOE(1+2). Without loss of gen-
erality, we choose the average spacing between the sp
levels to be unity so that λ is unit-less.
When we have fermions as constituents, d =
(
N
m
)
and
the two-body matrix elements, chosen to be from GOE,
3are properly anti-symmetrized. These models are called
EGOE(1+2) for spinless fermions. When we have bosons
as constituents, d =
(
N−m+1
m
)
and two-body matrix ele-
ments, chosen to be from GOE, are symmetrized. These
models are called BEGOE(1+2).
In order to analyze universal properties of systems with
spin degree of freedom, it is important to include spin s as
an additional degree of freedom in these models. Given
m fermions distributed in Ω number of sp orbitals each
with spin s = 1/2, the number of sp states is N = 2Ω.
As two-particle spin s can take two values (0 and 1),
V (2) = V s=0(2)⊕ V s=1(2), that is, V (2) is a direct-sum
matrix of matrices in spin 0 and 1 spaces, chosen to be in-
dependent GOEs, with respective dimensions Ω(Ω+1)/2
and Ω(Ω−1)/2. The many-particle spin S can take values
m/2,m/2−1, . . . , 0 or 1/2. Thus, EGOE(1+2)-s [44, 45]
is defined by the Hamiltonian H in Eq. (4) with V (2) =
V s=0(2)⊕V s=1(2). The many-particle Hamiltonian ma-
trices are first constructed in smallest spin projection ba-
sis (MminS ) using spinless formulation and then the states
with a given S value are projected using the S2 opera-
tor. Many-particle Hamiltonian matrices have a block
diagonal structure with each block corresponding to an
embedded ensemble with a given total spin S. Similarly,
for two species boson systems, it is possible to consider
bosons with a fictitious spin (F = 1/2) degree of freedom.
Then, we have BEGOE(1+2)-F [46] defined by Hamil-
tonian H in Eq. (4) with V (2) = V f=0(2) ⊕ V f=1(2);
F = m/2,m/2− 1, . . . , 0 or 1/2.
Usually, one associates integer spins with bosonic
systems and therefore, we have also analyzed boson
systems with spin-one degree of freedom, denoted by
BEGOE(1+2)-S1 [47]. Consider m bosons distributed
in Ω orbitals each with spin 1. Here, N = 3Ω and
the random interaction V (2) will be of the form V (2) =
V s=0(2)⊕V s=1(2)⊕V s=2(2) as the two-particle spins are
s = 0, 1 and 2. Here, V s=0(2), V s=1(2) and V s=2(2) are
chosen to be independent GOEs in two-particle spaces.
Thus, BEGOE(1+2)-S1 is defined by Hamiltonian H in
Eq. (4) with V (2) = V s=0(2)⊕ V s=1(2)⊕ V s=2(2).
In the present paper, we make the following choices to
analyze spacing ratios:
1. EGOE(1+2) with m = 6 and N = 12 resulting in
H matrix dimension d = 924. We choose λ = 0.1.
2. EGOE(1+2)-s with m = 6, Ω = 8, S = 0 − 3
with H matrix dimensions 1176, 1512, 420 and 28
respectively. We choose λ = 0.1.
3. BEGOE(1+2) with m = 10 and N = 5 resulting in
H matrix dimension d = 1001. We choose λ = 0.03.
4. BEGOE(1+2)-F with m = 10, Ω = 4, and F =
0− 5 with H matrix dimensions 196, 540, 750, 770,
594 and 286 respectively. We choose λ = 0.05.
5. BEGOE(1+2)-S1 with m = 8, Ω = 4, S = 0 − 8
with H matrix dimensions 714, 1260, 2100, 1855,
1841, 1144, 840, 315 and 165 respectively. We
choose λ = 0.2.
In all the cases, we construct 500 member ensemble and
have chosen interaction strength to be sufficiently large so
that there is sufficient mixing among the basis states and
the system is in the Gaussian domain, i.e. the eigenvalue
density and local density of states (LDOS) will be close
to Gaussian and level and strength fluctuations (using an
appropriate unfolding function) will follow GOE [37, 38,
47]. Now, we will present numerical results.
IV. NUMERICAL RESULTS
Using the definition given in Section II, we have con-
structed k-th order spacing ratio distribution P k(r) for
the EGOE(1+2) models defined in Section III. Using cen-
tral 80% of the spectrum, we construct numerical his-
tograms for P k(r) with a bin-size of 0.1 and k = 2, 3 and
4. Figure 1 shows the spacing ratio distribution P k(r)
(black histogram) for EGOE(1+2) compared with Pα(r)
(smooth red curves). Here the α values are 4, 8 and
13 for k = 2, 3 and 4 respectively. The average val-
ues of spacing ratios 〈r〉 are as given in the figure. Us-
ing Eq. (3), the average values of spacing ratios 〈r〉th
are 1.1747, 1.0855 and 1.0521 respectively for k = 2, 3
and 4. Similarly, Figures 2 - 5 show variation in P k(r)
compared with Pα(r) respectively for EGOE(1+2)-s, BE-
GOE(1+2), BEGOE(1+2)-F and BEGOE(1+2)-S1. For
all the examples considered, we find that 〈r〉EE ∼ 〈r〉th.
We also obtain good agreement when we include all the
levels in the analysis, unlike for nearest neighbor spac-
ing distribution which also gets affected by the choice of
unfolding function. As seen from these figures, we ob-
tain excellent agreement between numerical histograms
and Pα(r) establishing that Eq. (3) explains the univer-
sal features in variation of higher order spacing ratios in
many-body interacting quantum systems, with and with-
out spin degree of freedom.
Energy levels of EGOE(1+2) close to the ground state
(tails of the energy spectrum) generate large fluctuations
compared to that of GOE fluctuations [48]. In order to
test the validity of Eq. (3) close to the ground state, we
analyzed spacing ratio distributions P k(r) using the low-
est 20 energy levels for EGOE(1+2) and BEGOE(1+2)
ensembles (with the choice of parameters as outlined in
Sec. III). The numerical histograms for these are com-
pared with Pα(r) (smooth red curves) in Fig. 6. Nu-
merical results show a clear deviation from the trend
predicted by Eq. (3), with deviation increasing with in-
creasing k. Also, 〈r〉 values are found to be smaller than
the corresponding 〈r〉th values. Therefore, although one
need not exclude the spectrum tails while analyzing non-
overlapping spacing ratios, Eq. (3) does not explain the
variation in spacing ratios close to the ground state.
Distributions of higher-order spacing ratios can also be
used to understand quantitative information regarding
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FIG. 1. Histograms represent probability distribution of the
k-th order spacing ratios r (represented by P k(r)) for a 500
member EGOE(1+2) ensemble with k = 2, 3, and 4. The red
smoothed curves (represented by Pα(r)) are obtained using
Eq. (3) with α values as mentioned in each panel.
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FIG. 2. Same as figure 1 but results are for a 500 member
EGOE(1+2)-s ensemble. Top panel corresponds to S = 0 and
bottom panel corresponds to S = 1.
underlying symmetry structure in addition to explaining
universal features of fluctuation characteristics. As con-
jectured by Dyson [49] and proved by Gunson [50], the
spectral statistics of two superposed circular orthogonal
ensemble (COE) spectra converge to that of circular uni-
tary ensemble (CUE).This is expected to be echoed in
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FIG. 3. Same as figure 1 but results are for a 500 member
BEGOE(1+2) ensemble.
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BEGOE(1+2)-F ensemble. Top panel corresponds to F = 2
and bottom panel corresponds to F = 5.
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BEGOE(1+2)-S1 ensemble with spin S = 4.
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FIG. 6. Probability distribution P k(r) (histograms) of the
k-th order spacing ratios r for the lowest 20 energy levels
using EGOE(1+2) (top panel) and BEGOE(1+2) (bottom
panel) ensembles. The red smoothed curves are obtained us-
ing Eq. (3) with α values as mentioned in each panel.
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FIG. 7. Histograms represent probability distribution of non–
overlapping k-th order spacing ratios r of m independent
superposed spin blocks (represented by P k(r,m)) for a 500
member EGOE(1+2)-s ensemble. Upper panel shows results
for m = 2, with spins S = 0 − 1, while lower panel shows
results for m = 3, with spins S = 0 − 2. The histograms
are compared with the red smoothed curves obtained using
Eq. (3) with α values as mentioned in each panel.
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FIG. 8. Same as figure 7 but results are for m superposed
spectra of a 500 member BEGOE(1+2)-F ensemble. Upper
panel shows results for m = 2 with spins F = 0 − 1 while
lower panel shows results for m = 3 with spins F = 0 − 2.
The histograms are compared with the red smoothed curves
obtained using Eq. (3) with α values as mentioned in each
panel.
the distribution of level spacings and spacing ratios as
well. Using examples of superposed GOE spectra, bil-
liards, spin-1/2 chains and neutron resonance data, it
has been demonstrated that distribution of higher order
spacing ratios carry symmetry information [29].
As discussed in Sec III, the EGOE(1+2) mod-
els with spin, EGOE(1+2)-s, BEGOE(1+2)-F and
BEGOE(1+2)-S1 have specific spin structure: for
EGOE(1+2)-s and BEGOE(1+2)-F , the random in-
teraction matrix V (2) in two-particle spaces is a di-
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FIG. 9. Same as figure 7 but results are for m superposed
spectra of a 500 member BEGOE(1+2)-S1 ensemble. Upper
panel shows results for m = 3 with spins S = 0 − 2 while
lower panel shows results for m = 4 with spins S = 0 − 3.
The histograms are compared with the red smoothed curves
obtained using Eq. (3) with α values as mentioned in each
panel.
rect sum of matrices in spin 0 and 1 channels; and
for BEGOE(1+2)-S1, the V (2) matrix in two-particle
spaces is a direct sum of matrices in spin 0, 1 and 2
channels. The many-particle Hamiltonian matrix is a
block diagonal matrix with each block corresponding to
EGOE(1+2) with a given spin S. In order to investi-
gate whether P k(r) carries signatures of these spin struc-
tures, we superpose m independent spin blocks and com-
pare non-overlapping k-th order spacing ratios distribu-
tion P k(r,m) (here P k(r) = P k(r,m = 1)) with Pα(r)
given by Eq. (3).
For the choice of parameters outlined in Sec. III,
results are shown in Figures 7-9 respectively for
EGOE(1+2)-s, BEGOE(1+2)-F and BEGOE(1+2)-S1.
In these figures, the ensemble averaged histograms for
P k(r,m) are obtained by arranging the spectra ofm spin
blocks in ascending order for each member of the ensem-
ble. Then, for each k, ensemble average is computed
and plotted as a histogram with bin-size of 0.1. Figure
7 shows P k(r,m) with m = 2 (upper panel) obtained by
superposing spectra corresponding to S = 0 and S = 1
andm = 3 (lower panel) obtained by superposing spectra
corresponding to S = 0, S = 1 and S = 2. The smooth
(red) curves are for Pα(r) obtained using Eq. (3). As
seen from these figures, we obtain very good agreement
between numerics and theory for α = k = m. There are
clear deviations for all other values. These confirm the
presence ofm symmetries. Similarly, Figures 8 and 9 also
show excellent agreements between theory and numerics
for α = k = m confirming the presence of m symmetries.
In order to obtain the best quantitative estimate for α,
we calculate χ2 measure defined as,
χ2(α) = log
{∫
∞
0
dr(P k(r,m)− Pα(r))
2
}
. (5)
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FIG. 10. Variation in χ2(α) vs. α for EGOE(1+2)-s en-
semble (upper panel) and BEGOE(1+2)-F ensemble (lower
panel) for different m values as mentioned in the panel. The
minimum values of χ2(α) indicates P k(r,m) ∼ Pα(r) for m
superimposed spectra.
Here, minimum value of χ2 indicates P k(r,m) ∼ Pα(r).
Figure 10 shows the variation in χ2(α) as a function of α
for various m values. The upper panel gives the results
for EGOE(1+2)-s and the lower panel gives the results
for BEGOE(1+2)-F . We have not included spectra of
maximum spin S = Smax for EGOE (1+2)-s and spec-
tra of minimum spin F = Fmin for BEGOE(1+2)-F due
to small matrix dimensions. The minimum value for χ2
is obtained at α = k = m, which is in agreement with
results in Figures 7 and 8. We have also confirmed this
result with other combinations of superposed spectra cor-
responding to different spin sectors. Thus, higher order
spacing ratios are useful in extracting symmetry infor-
mation.
There are deviations from obtaining minimum for
χ2(α) at α = k = m when the dimension of a given spin
block is very small. Figure 11 shows variation in χ2(α)
as a function of α for EGOE(1+2)-s (top left panel),
BEGOE(1+2)-F (top middle panel) and BEGOE(1+2)-
S1 (top right panel). Results are shown for various m
values. For EGOE (1+2)-s, the minimum for χ2(α) is
not at α = k = m for m = 4 as it is obtained by super-
posing four spin blocks corresponding to S = 0−3. Here,
S = 3 is the maximum allowed spin and has the smallest
dimension (28 compared to dimensions 1176, 1512, 420
respectively for spins 0, 1 and 2). Similarly, deviations
are seen in minimum for χ2(α) from α = k = m atm = 6
for BEGOE(1+2)-F and form = 6−9 for BEGOE(1+2)-
S1. Going further, we superposed m GOE spectra of
exact same dimensions corresponding to EGOE(1+2)-
s (top left panel), BEGOE(1+2)-F (top middle panel)
and BEGOE(1+2)-S1 (top right panel) and the results
are shown in the bottom panel of the figure. These also
show similar deviations in minimum for χ2(α) confirming
that there are finite-size effects.
V. CONCLUSION
We have analyzed higher order spacing ratios for in-
teracting many-body quantum systems with and without
spin degree of freedom. These complex systems are mod-
eled by EGOE(1+2) for fermionic and bosonic systems
with and without spin degree of freedom. We obtain ex-
cellent agreement between numerical results for higher
order spacing ratios and Wigner surmise like scaling re-
lation. Thus, this scaling relation is universal to under-
stand higher order spacing ratios in complex many-body
quantum systems (fermionic as well as bosonic) with ro-
tational and time-reversal invariance, with and without
spin degree of freedom. We have shown that the higher
order spacing ratio distributions can also reveal quan-
titative information about underlying symmetry struc-
ture. Hence, the analysis of higher order spacing ra-
tios is not only useful in studying spectral fluctuations
but also reveals quantitative information about symme-
try structure of complex quantum systems. Although not
shown explicitly, these results are expected to extend to
the unitary versions EGUE(1+2) (for both fermionic and
bosonic systems, with and without spin degrees of free-
dom) as well. It would be interesting to analyze complex
spacing ratios [51] to characterize integrable and chaotic
dynamics for the embedded unitary ensembles with var-
ious symmetries like spin, parity, total angular momen-
tum etc. [37, 38] and characterize universality of transi-
tion to chaos [52].
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FIG. 11. Top panel shows variation in χ2(α) vs. α for EGOE(1+2)-s (left panel), BEGOE(1+2)-F (middle panel) and
BEGOE(1+2)-S1 (right panel) for different m values as indicated in the panel. Lower panel represents variation in χ2(α)
vs. α for superposed m GOE spectra of exactly same dimensions corresponding to results in the top panel for EGOE(1+2)-
s, BEGOE(1+2)-F and BEGOE(1+2)-S1 respectively. The minimum value of χ2(α) indicates P k(r,m) ∼ Pα(r) for m
superimposed spectra.
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